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Abstract
Following several papers in the prior literature, we study the re-
lationship between order bounded operators, topologically bounded
operators and topologically continuous operators. Our main contri-
bution is two folded: (i) we provide a set of counterexamples to il-
lustrate several extant results in the literature; (ii) we give conditions
for the space of order bounded operators to coincide with the space
of topologically bounded operators as well as conditions for these two
spaces to coincide with the space of topologically continuous operators.
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1 Introduction
The relationship between order bounded operators and order continuous op-
erators on Riesz spaces has been investigated in [1], [2] and [14]. This paper
aims to further study the relationship between order bounded operators,
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topologically bounded operators and topologically continuous operators on
Riesz spaces. The first part of our paper provides several counterexamples
to illustrate a few existing results along this line. We first ask whether the
space Ltc(E1, E2) of topologically continuous operators is a vector subspace
of the space Lb(E1, E2) of order bounded operators, or whether the converse
is true. We show by counterexamples that the answer to both is negative.
Theorem 2.3 in [6] gave a sufficient condition for Ltc(E1, E2) to be a vector
subspace of Lb(E1, E2). We give a counterexample to show that neither of
the hypotheses “The topology on the image space is locally solid.” and “The
image space has an order bounded neighborhood around zero.” of that the-
orem may be dropped. In addition, we argue that this sufficient condition is
not necessary. The Nakano-Roberts theorem says that the topological dual
of a locally solid Riesz space is an ideal of the order dual. We provide a
counterexample to show that the condition of Theorem 2.3 in [6] is not suf-
ficient to extend the Nakano-Roberts theorem to the case where the image
space is an ordered topological space, i.e., Ltc(E1, E2) may not be an ideal
of Lb(E1, E2) even if E1 is equipped with a locally solid topology.
In the second part of the paper, we seek conditions for the space Lb(E1, E2)
to coincide with the space Ltb(E1, E2) of topologically bounded operators and
conditions for these two spaces to coincide with Ltc(E1, E2). These results
combined together yield conditions for Lb(E1, E2), the space Lr(E1, E2) of
regular operators, Ltb(E1, E2) and Ltc(E1, E2) to coincide at the same time.
This further leads to several interesting results: under suitable conditions,
each positive operator is topologically continuous, each topologically con-
tinuous can be written as the difference of two positive operators, and so
on.
The remainder of the paper is organized as follows. Section 2 provides
the aforementioned counterexamples. Section 3 investigates the relationship
between Lb(E1, E2), Ltb(E1, E2) and Ltc(E1, E2). For notation, terminology
and standard results concerning topological vector spaces, we refer to [5],
[7], [11] and [13]; for notation, terminology and standard results concerning
Riesz spaces and operators on them, we refer to [3], [4], [8] and [15].
2 Counterexamples
To set the stage, we first recall some results about the relationship between
order bounded sets and topologically bounded sets in ordered topological
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vector spaces. A classical result says that an order bounded subset of a
locally solid Riesz space must be topologically bounded.
Theorem 2.1 (Theorem 2.19 of [4]). If (E, τ) is a locally solid Riesz space,
then every order bounded subset of E is τ -bounded.
Recently, [6] showed that if an order bounded topological vector space has
an order bounded neighborhood of zero, then every topologically bounded
subset must be order bounded.
Theorem 2.2 (Theorem 2.4 of [6]). Let (E, τ) be an order topological vector
space that has an order bounded τ -neighborhood of zero. Then very τ -bounded
subset of E is order bounded.
[9] and [10] first showed that the norm dual of a normed Riesz space is an
ideal of its order dual; later [12] generalized this result to locally solid Riesz
spaces but their terminology is of old-fashion. The following version, stated
in the modern terminology of locally solid Riesz spaces, is taken from [4].
Theorem 2.3 (Nakano-Roberts). Let (L, τ) be a locally solid Riesz space.
Then the topological dual L′ of (L, τ) is an ideal of the order dual L∼.
The Nakano-Roberts Theorem ensures that a continuous linear functional
is necessarily order bounded. In view of this, one would naturally ask whether
a topologically continuous operator is necessarily order bounded, that is,
whether Ltc(E1, E2) ⊂ Lb(E1, E2) holds. The next example shows that the
answer is negative.
Counterexample 3.1–A topologically continuous operator need not
be order bounded.
Let E1 = E2 = R
2 and τ1 = τ2 be the usual norm topology on R
2. We equip
E1 and E2 with the lexicographic ordering and the usual pointwise order-
ing, respectively. Take x = (0, 0) and y = (0, 1) in E1. The order interval
B = [x, y] is order bounded in E1, but not order bounded in E2. Therefore,
the identity operator is topologically continuously but not order bounded.
Example 3.1 shows that Ltc(E1, E2) ⊂ Lb(E1, E2) generally does not
hold. It is also natural to ask whether Lb(E1, E2) ⊂ Ltc(E1, E2) holds, that
is, whether an order bounded operator is necessarily topologically continu-
ous. The answer is also negative as evidenced by the next example.
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Counterexample 3.2–An order bounded operator may not be topo-
logically continuous.
Let E1 = E2 be the space of all Lebesgue integrable functions on R. Let
τ1 be the norm topology generated by the L1-norm ||x||1 =
∫
R
|x(t)|dt and
τ2 be the weak topology σ(E2, E
′
2) on E2. Equip both E1 and E2 with the
ordering: x ≤ y if and only if x(t) ≤ y(t) for all t ∈ R. Then the identity op-
erator between E1 and E2 is order bounded. However, it is not topologically
continuous because τ2 is strictly weaker than τ1.
In summary, we have concluded that
Ltc(E1, E2) 6⊂ Lb(E1, E2) and Lb(E1, E2) 6⊂ Ltc(E1, E2).
However, the following theorem shows that if E1 is locally solid and E2
has an order bounded τ2-neighborhood, then Ltc(E1, E2) is a vector subspace
of Lb(E1, E2).
Theorem 2.4 (Theorem 2.3 of [6]). Suppose (E1, τ1) is a locally solid Riesz
space and (E2, τ2) is an ordered topological vector space having an order
bounded τ2-neighborhood of zero. Then Ltc(E1, E2) is a vector subspace of
Lb(E1, E2).
Remark 1. Example 2.1 shows that the hypothesis that “τ1 is locally solid”
may not be dropped.
Remark 2. The hypothesis “(E2, τ2) has an order bounded τ2-neighborhood
of zero” cannot be dropped either even if both τ1 and τ2 are locally-convex
solid. The following example illustrates this point.
Counterexample 3.3–The hypothesis “(E2, τ2) has an order bounded
τ2-neighborhood of zero” in Theorem 2.4 cannot be dropped.
Let E1 = E2 = D[−pi, pi] be the space of all the differentiable functions on
[−pi, pi]. Take τ1 = τ2 to be the norm topology generated by the sup norm
||x||∞ = sup−pi≤t≤pi |x(t)|. Equip E1 with the usual pointwise ordering; equip
E2 with the ordering defined as follows: for x, y ∈ E2 we say x ≤ y if and
only if x(t) ≤ y(t) and x′(t) ≤ y′(t) for all t in [−pi, pi]. Then τ1 and τ2
are both locally convex-solid. The identity operator is trivially topologically
continuous. But it is not order bounded. To see this, take B = {cos kt}k∈N
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in E1 which is order bounded. Suppose there exist two elements x and
y in E2 such that B is contained in the order interval [x, y] in E2. Then
we would have k = sup−pi≤t≤pi |k sin kt| ≤ sup−pi≤t≤pimax{x(t), y(t)} for all
k ∈ N , which is impossible. Thus, B is not order bounded in E2. Since
B is contained in the open unit ball U = {x ∈ E2 | ||x||∞ < 1} of E2, this
also implies that E2 does not have an order bounded τ2-neighborhood of zero.
We would also like to point out that the sufficient condition in Theorem
2.4 is not necessary. The next example shows that it is possible to have
Ltc(E1, E2) ⊂ Lb(E1, E2) with τ1 and τ2 both being locally-convex solid but
E2 does not have an order bounded τ2-bounded neighborhood of zero.
Counterexample 3.4–The sufficient condition in Theorem 2.4 is not
necessary.
Let E1 = E2 be the space of all real-valued continuous functions defined on
R and τ1 = τ2 be the compact-open topology. Let K be the family of all
compact subsets of R. For each K ⊂ K, we define ρK(x) = supt∈K |x(t)|
for x ∈ E1 = E2 and equip E1 = E2 with the usual pointwise ordering.
Then τ1 = τ2 is locally convex-solid. Let T ∈ Ltc(E1, E2) and B be an order
bounded subset of E1. Then Theorem 2.1 implies that T (B) is τ2-bounded.
As a subset B of E2 is τ2-bounded if and only if ρK(B) is bounded for every
compact subset K ∈ K (p. 109 of [7]), we know T (B) is τ2-bounded. How-
ever, E2 cannot have an order bounded τ2-neighborhood of zero (Example
6.1.7 of [11]).
In view of the Nakano-Roberts Theorem, the next question would nat-
urally be whether the hypothesis of Theorem 2.4 is sufficient to imply that
Ltc(E1, E2) is an ideal of Lb(E1, E2). The answer is still negative as we can
see from the next example.
Counterexample 3.5–The hypothesis of Theorem 2.4 is not suffi-
cient to imply that the space of topologically continuous operators
is an ideal of the space of the order bounded operators.
Let D[0, 2pi] denote the family of all differentiable functions on [0, 2pi]. Put
E1 = E2 = D[0, 2pi]×D[0, 2pi] with τ1 = τ2 being the norm topology gener-
ated by ||(x1, x2)|| = ||x1||∞+||x2||∞, where ||x(t)||∞ = sup0≤t≤2pi |x(t)| is the
sup norm. Equip E1 with the ordering defined as follows: for any two points
x = (x1, x2) and y = (y1, y2) in E1 we define x ≤ y if and only if x1(t) ≤ y1(t)
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and x2(t) ≤ y2(t) for all t ∈ [0, 2pi]. Then (E1, τ1) is a locally-convex solid
Riesz space. For E2, we equip it with the following ordering: for any two
points x = (x1, x2) and y = (y1, y2) in E2 we define x ≤ y if and only if
x1(t) < y1(t) for all t ∈ [0, 2pi] or else x1(t) = y1(t) and x2(t) ≤ y2(t) for all
t ∈ [0, 2pi]. It is clear that E2 has an order-bounded τ2-neighborhood of zero.
Consider the operators S and T from E1 to E2 defined by
S : (x1, x2) 7→ (0, x
′
2);
T : (x1, x2) 7→ (x2, 0).
where x′ denotes the derivative of x. Then T is order bounded and topologi-
cally continuous, |S| ≤ |T |, and S is order bounded. However, S is not topo-
logically continuous. To see this, consider the sequence {(0, (sin kt)/k)}k≥1
in E1. We have (0, (sin kt)/k)
τ1−→ 0; but S((0, (sin kt)/k)) = (0, cos kt) 6
τ2−→ 0.
Thus, Ltc(E1, E2) is not an ideal of Lb(E1, E2).
3 Relationship between Lb(E1, E2), Ltb(E1, E2)
and Ltc(E1, E2).
In this section, we further investigate the relationship between Lb(E1, E2),
Ltb(E1, E2) and Ltc(E1, E2). Example 2.8 of [6] shows that an order bounded
operator need not be topologically bounded, that is, Lb(E1, E2) ⊂ Ltb(E1, E2)
in general does not hold. On the other hand, Example 2.7 of [6] shows
that Ltb(E1, E2) ⊂ Lb(E1, E2) in general does not hold either. The follow-
ing theorem gives sufficient conditions for the two spaces to coincide, i.e.,
Lb(E1, E2) = Ltb(E1, E2).
Theorem 3.1. For i = 1, 2, let (Ei, τi) be a locally solid Riesz space.
(i) If for i = 1, 2, the space (Ei, τi) has an order bounded τi-neighborhood of
zero, then the space of order bounded operators coincide with the space
of locally bounded operators, that is, Lb(E1, E2) = Ltb(E1, E2).
(ii) If the hypothesis of (i) holds and (E2, τ2) is also Dedekind complete,
then Lb(E1, E2) = Lr(E1, E2) = Ltb(E1, E2).
(iii) If for i = 1, 2, (Ei, τi) has a nonempty interior of the positive cone E
+
i
,
then Lb(E1, E2) = Ltb(E1, E2).
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(iv) If the hypothesis of (iii) holds and E2 is also Dedekind complete, then
Lb(E1, E2) = Lr(E1, E2) = Ltb(E1, E2).
Proof. (i) Take any T ∈ Lb(E1, E2). Let A be a τ1-bounded subset of
E1. By Theorem 2.1 and Theorem 2.2, T (A) is τ2-bounded. There-
fore, Lb(E1, E2) ⊂ Ltb(E1, E2). On the other hand, take any T ∈
Ltb(E1, E2). Let B be an order bounded subset of E1. Then Theorem
2.1 and Theorem 2.2 imply that T (B) is order bounded. Therefore,
Ltb(E1, E2) ⊂ Lb(E1, E2).
(ii) Since E2 is Dedekind complete, we have Lb(E1, E2) = Lr(E1, E2).
(iii) Take an element x from the interior of E+1 and a circled neighborhood
V of zero such that x + V ⊂ E+1 . Then x − V ⊂ E
+
1 . Hence, V
is contained in the order interval [−x, x], implying that [−x, x] itself
is a τ1-neighborhood of zero. Similarly, E2 has an order bounded τ2-
neighborhood. Therefore, the conclusion follows from (i).
(iv) Similar to (ii).
Next, we give conditions for the three spaces Lb(E1, E2), Ltb(E1, E2) and
Ltc(E1, E2) to coincide.
Theorem 3.2. Suppose for i = 1, 2, the space (Ei, τi) is a locally solid Riesz
space having an order bounded τi-neighborhood of zero. If any of the following
conditions is satisfied, then Lb(E1, E2) = Ltb(E1, E2) = Ltc(E1, E2).
(i) (E1, τ1) has a countable neighborhood base at zero.
(ii) For i = 1, 2, (Ei, τi) has a τi-bounded convex neighborhood of zero.
(iii) For i = 1, 2, (Ei, τi) is a locally convex Hausdorff space.
(iv) (E1, τ1) is bornological and (E2, τ2) is locally convex.
Proof. In view of Theorem 2.4 and Theorem 3.1, it suffices to establish that
Ltb(E1, E2) ⊂ Ltc(E1, E2).
(i) Since (E1, τ1) has a countable neighborhood base at zero, it is pseu-
dometrizable, implying Ltb(E1, E2) ⊂ Ltc(E1, E2).
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(ii) A topological vector space with a topologically bounded convex neigh-
borhood of zero is seminormed. Therefore, (E1, τ1) and (E2, τ2) are
both seminormable, implying Ltb(E1, E2) = Ltc(E1, E2).
(iii) A locally Hausdorff space is normable if and only if it has a topologically
bounded neighborhood of zero. It follows that (E1, τ1) and (E2, τ2) are
both normable. Hence, Ltb(E1, E2) = Ltc(E1, E2).
(iv) This follows from the fact that the class of bornological spaces is the
class of locally convex spaces (E1, τ1) such that all topologically bounded
operators from (E1, τ1) to a locally convex space (E2, τ2) are topologi-
cally continuous. Therefore, we also have Ltb(E1, E2) ⊂ Ltc(E1, E2) in
this case.
Corollary 3.1. For i = 1, 2, let (Ei, τi) be a locally solid Riesz space. Suppose
any of the four conditions in Theorem 3.2 holds.
(i) If for i = 1, 2, (Ei, τi) has an order bounded τi-neighborhood of zero
and E2 is also Dedekind complete, then Lr(E1, E2) = Lr(E1, E2) =
Ltb(E1, E2) = Ltc(E1, E2).
(ii) If for i = 1, 2, (Ei, τi) has a nonempty interior of the positive cone E
+
i
,
then Lb(E1, E2) = Ltb(E1, E2) = Ltc(E1, E2).
(iii) If the hypothesis of (ii) holds and E2 is also Dedekind complete, then
Lb(E1, E2) = Lr(E1, E2) = Ltb(E1, E2) = Ltc(E1, E2).
Remark 1. If the hypothesis of Corollary 3.1 holds, then we have several
interesting results: (i) every topologically bounded operator can be written
as the difference of two positive operators; (ii) every positive operator is
topologically continuous, and so on.
Remark 2. Let Ln(E1, E2) denote the space of all order continuous opera-
tors between E1 and E2. Then Ln(E1, E2) is a band of Lb(E1, E2) when E2
is Dedekind complete and the Riesz-Kantorovich Theorem implies
Lb(E1, E2) = Ln(E1, E2)⊕ L
d
n
(E1, E2).
Therefore, if the hypothesis of Corollary 3.1 holds, then every topologically
bounded or topologically continuous operator can be decomposed as the sum
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of an order continuous operator and an operator in Ld
n
(E1, E2).
Remark 3. Similar to Remark 2, when E2 is Dedekind complete, we have
Lb(E1, E2) = Lc(E1, E2)⊕ Ls(E1, E2),
where Lc(E1, E2) denotes the space of all σ-order continuous operators and
Ls(E1, E2) denotes the space of all singular operators. It follows that if
the hypothesis of Corollary 3.1 holds, then every topologically bounded or
topologically continuous operator can be decomposed as the sum of a σ-order
continuous operator and a singular operator.
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